Abnormal isospin violation and a 0 − f 0 mixing in the D 
INTRODUCTION
The issue of the f 0 (980)−a 0 (980) mixing has attracted much attention in the hadron community due to its potential to learn about the nature of the low lying scalar mesons. First suggested in Ref. [1] , it was very early identified as being tied to the mass difference between the charged and neutral kaons [1, 2] . Different reactions were suggested to find signals of this mixing in the pn → dηπ 0 [3] , the γp → pπ 0 η [4] and the π − p → π 0 ηn [5] . Finally, it was the J/ψ → φηπ 0 reaction which showed clearly a mixing. This reaction had been suggested in Ref. [6] and estimates were done there. A more detailed calculation was presented in Ref. [7] , using the chiral unitary approach [8, 9] to account for the interaction of pseudoscalar mesons that generate the f 0 (980) and a 0 (980) resonances, and the mechanism for f 0 (980) production used in Ref. [10] for the J/ψ → φππ reaction. In that paper the role of the KK loops and of the difference of masses between the K + and K 0 was further investigated. A further revision of this issue was done in Ref. [11] , where the production model for J/ψ → φππ and J/ψ → φπη was improved taking the more complete model of Ref. [12] for J/ψ → φππ. The work of Ref. [11] reproduced very accurately the shape and magnitude of the a 0 (980) production in the J/ψ → φπη reaction [13] , together with the f 0 (980) production in J/ψ → φππ with no more free parameters than the one used to regularize the loops in the study of the pseudoscalar-pseudoscalar interaction in Ref. [8] . The new mechanisms used in Ref. [11] , accounting for sequential vector and axialvector meson exchange, were found to be crucial in order to obtain the actual shape and strength (in about a factor of two) of the mass distributions. Further study of the mixing and suggestion of reactions to observe it was done in Ref. [14] .
The concept of an f 0 (980) − a 0 (980) mixing parameter was been accepted when a new reaction came to challenge it. The reaction was the η(1405) decay to π 0 f 0 (980) measured at BESIII [15] , which showed an unusually large isospin violation, or equivalently a very large f 0 (980) − a 0 (980) mixing when compared with the isospin allowed η(1405) → π 0 a 0 (980). This abnormal mixing found an explanation in Ref. [16] due to the role of a triangle singularity involving a mechanism in which the η(1405) decays to K * K , followed by the decay of K * in Kπ and the merging of KK to give the f 0 (980) or a 0 (980). Further work along these lines was done in Ref. [17] where ambiguities in the size of the η(1405) → π 0 a 0 (980) in Ref. [16] were solved. More work along these lines followed in Ref. [18] , where it was suggested that the η(1405) and η(1475) are actually the same state.
Triangle singularities (TS) were introduced by Landau [19] for the decay of an external particle and develop from a mechanism depicted by a Feynman diagram with three intermediate propagators. When the three intermediate particles are simultaneously placed on shell and are collinear in the rest frame of the decaying particle, a singularity can emerge if the process has a classical correspondence, which is known as the Coleman-Norton theorem [20] . A modern and easy formulation of the problem is given in the paper [21] .
While finding physical examples was not successful at the origin of the formulation of the TS, the advent of vast experimental information nowadays is provid-ing many examples of TS, sometimes simulating a resonance, other times providing mechanism for the production of particular modes in reactions. Suggestions of places to look for triangle singularities were done in Ref. [22] . One of them was the possibility that the COM-PASS claimed "a 1 (1420)" resonance [23] would not be a genuine state but the manifestation of a TS with intermediate states K * K K. This hypothesis was made quantitative in Ref. [24] . The mechanism suggested implied the decay of the a 1 (1260) into K * K , followed by the decay of K * into Kπ and the further fusion of KK into the f 0 (980) giving rise to the decay mode πf 0 (980) observed in the experiment [23] . Further refinements along this line with consideration of the ρπ decay of the a 1 (1260) resonance, were done in Ref. [25] , leading to a more accurate determination of the experimental observables and to the same conclusion.
Suggestions that the observed charged charmonium Z c (3900) [26] [27] [28] [29] could be due to a TS were done in Ref. [22, 30, 31] , and similar claims were done regarding other quarkonium [31] and bottomnium [32] . Claims that the narrow pentaquark state found by the LHCb collaboration [33, 34] could be due to a triangle singularity were done in Ref. [35, 36] , but it was shown in Ref. [21] that if the quantum numbers of this state are 3/2 − , 5/2 + , the χ c1 p that merges to form the final J/ψp state is at threshold and would be in p or d wave respectively. Since the TS appears from placing all intermediate states on shell, the signal coming from the suggested mechanism is drastically reduced and the shape is also distorted such that it cannot reproduce the observed signal.
The TS has been discussed in the analysis of some reactions where its consideration can lead to different conclusions than using standard partial wave analysis tools [37] [38] [39] .
Further examples of TS have recently been investigated. Some of them show that resonances accepted in the PDG [40] actually correspond to triangle singularities, which produce a peak, although not related to the interaction of quarks or hadrons, but to the structure of the triangle diagram, tied to the masses of the intermediate states. Apart from the case of the a 1 (1420) discussed above, the f 1 (1420) peak was shown to correspond to the f 1 (1285) decay into πa 0 (980), through a TS, and K * K [41] . The f 2 (1810) peak was also shown to come from a TS involving K * K * production, followed by K * → πK andK * K → a 1 (1260) [42] . Some other times the TS helps building up a particular decay channel of a resonance generated from the interaction of hadrons. This is the case of the N (1700) which is generated from the ρN interaction with other coupled channels [43, 44] , but which gets a sizeable π∆ decay channel through the mechanism, N (1700) → ρN followed by ρ → ππ and then πN → ∆ [45] . It is also the case of the N (1875)(3/2 − ), which emerges from the interaction of ∆π and Σ * K channels [46] , but that builds up the N (1535)π and N σ decay channels from two TS [47] .
In some other cases a TS has been shown to solve some known puzzle, like the enhancement in the γp → K + Λ(1405) cross section around √ s = 2110 MeV [48] which was discussed from the TS perspective in Ref. [49] , and the πN (1535) contribution to the γp → π 0 ηp reaction [50] which was discussed from that perspective in Ref. [51] .
Finally, based on known hadron dynamics, it has become relatively easy to make predictions of peaks that should show up in some reactions, which are solely tied to TS. In this line we can quote the Coming back to the f 0 (980) − a 0 (980) mixing, the works done on the subject have shown that the different K + and K 0 masses are responsible for this mixing. In this sense, mechanisms that proceed via a triangle singularity with KK in the intermediate states of the triangle diagram should stress this mixing and make the isospin violating process more efficient. This is because the triangle singularity emerges from having the particles on shell, and this is where the differences of masses play a more relevant role. In this sense, the η(1405) → π 0 f 0 (980) reaction is a good example. However, the reaction occurs at a fixed energy, 1405 MeV. The purpose of the present work is to suggest a reaction where we can change the initial energy to show the isospin violation as a function of the energy, and see that it peaks at the energy where the TS develops. We have found such a case in the D + s → π + π 0 a 0 (980)(f 0 (980)) reactions which we discuss here. The D + s state decays to π + ss and the ss quarks hadronize toK * K, theK * decays toKπ 0 and the KK merge to produce the a 0 (980) or f 0 (980). Since the ss system is in I = 0 the π 0 a 0 (980) mode will be the isospin allowed channel, while the π 0 f 0 (980) mode is the isospin forbidden one. We shall see that both decay modes are enhanced around a π 0 a 0 (980) or π 0 f 0 (980) invariant mass of 1420 MeV, but the isospin forbidden channel is more enhanced than the isospin allowed one. Also we can evaluate absolute rates and show that they are well within present measurable range. Since the evaluations are based on the notion that the f 0 (980) and a 0 (980) resonances are generated from the interaction of coupled channels of pseudoscalar mesons, the rates obtained are tied to this picture and an eventual agreement of the future experiment with the predictions done here would further support this picture for which there is already much phenomenological support [54] [55] [56] . 
FORMALISM The
If we look at the D + s Cabibbo favored, and color favored decay process at the quark level, we have the diagram given in Fig. 1 (a) , corresponding to external emission in the classification of Refs. [58, 59] . The process is isospin selective because ss has I = 0. The ss can hadronize with strong interaction leading to two mesons in I = 0 incorporating aqq pair with the quantum numbers of the vacuum. In order to see the meson content of ss(uū + dd + ss), we use the arguments of Refs. [62, 63] with thematrix in terms of mesons and we find ss(ūu +dd +ss) =
where the points ... indicate terms in η, η ′ which play no role in the reaction that we study. The decomposition in Eq. (1) has to do about flavor alone, and what tells us is that we get the KK combination in I = 0 ((K + , K 0 ) and (K 0 , −K − ) are the isospin doublets in our notation). However, we can get equally KK * and this is the channel that we will pick up to study our process. Hence we shall look at the decay
The reason to choose this channel is that we have the rate for D [64] . Since K * − has a branching fraction twice as big for π
quite a large rate. In the reaction of Eq. (2) angular momentum is conserved and since we have a vector meson (J P = 1 − ) and pseudoscalar meson (0 − ) in the final state we need a pwave. It is easy to see that non relativistically the right coupling is ǫ * K * · p π + . Indeed, the W + π + vertex goes as (∂ µ π + )W +µ [65, 66] and the csW as γ ν (1 − γ 5 )W ν [58, 60] . The γ i γ 5 matrix is proportional to σ i at the quark level which will be needed to pass from a pseudoscalar to a vector and we are left with the ∂ i π + component. Hence, we take
and we shall take C constant since there is not much phase space for this reaction. When evaluating the triangle diagram we shall work in theK * K system at rest where theK * has a small three momentum. This is also the case in the π + K 0K * 0 reaction and we neglect the ǫ 0 (K * ) component in Eq. (4), but evaluate p π + in the KK * rest frame. Since we shall need the constant C in the evaluation of the triangle diagram we proceed to its evaluation by using Eqs. (3) and (4). Summing over the polarization of the K * − , we have for the
where p π + is the π + momentum in the D + s rest frame, p K * − the one of the K * − in the K + K * − rest frame and p ′ π + the π + momentum in the latter frame. These momenta are given by
where λ(x, y, z) is the Källen function defined by
In order to produce the a 0 (980) or f 0 (980), we will look at the decay products π 0 η and π + π − of the a 0 (980) and f 0 (980) respectively. The mechanism to produce the a 0 (980) is depicted in Fig. 2 . The mechanism of Fig. 2 involves a triangle diagram. TheK * decays to π 0K and then the remaining K and thisK fuse to give the a 0 (980) or f 0 (980). The sum of the two diagrams is constructive for π 0 π 0 η production via π 0 a 0 and destructive for π 0 π + π − production via π 0 f 0 . In the case the K + and K 0 masses are equal, we would have the s-wave
Taking account of the fact that the vertexK * 0 → π 0K 0 has the opposite sign to K * − → π 0 K − , the sum of diagrams in Fig. 2 for π 0 f 0 production (assuming also equalK * 0
and K * − masses equal) would cancel and we would have
exact I = 0 (π 0 a 0 (980)) production, corresponding to the originalss state, and no I = 1 (π 0 f 0 (980)) production. When the K masses are allowed to have their physical values we get two sources of isospin symmetry breaking, from the KK → π 0 η (π + π − ) amplitudes, when they are evaluated with the actual K masses, and from the loop function of Fig. 2 , which is different for the two diagrams thanks to the different K masses (alsoK * ). The interesting thing is that we can now tune the invariant mass of π 0 a 0 (π 0 f 0 ) by changing the energy of the emitted π + , and for a certain value of this invariant mass, we get a triangle singularity that enhances the production of both π 0 a 0 and π 0 f 0 modes. The TS will place the KK * K on shell in the loop integration when the momenta of thē K * and π 0 from theK * decay have the same direction. Since the different masses of the charged and neutral kaon cause the π 0 f 0 (980) production, the on-shell contribution is the most sensitive to these differences and we expect that the TS will enhance the π 0 f 0 production versus the π 0 a 0 one.
We proceed now to the evaluation of the diagram of Fig. 2 . Apart from the vertex of Eq. (4), we need thē K * → πK vertex that are obtained from the ordinary Lagrangian,
where P and V are the ordinary pseudoscalar and vector meson SU(3) matrices [43] , m V the vector mass (m V ∼ 800 MeV) and f π the pion decay constant f π = 93 MeV.
This produces a vertex
and opposite sign for K * − → π 0 K − . With the former ingredients, the amplitude for the diagram of Fig. 2 (a) is given by
Summing upon the polarizations of the intermediate vector meson and taking P = 0, Eq. (11) reads
Since in the integral of Eq. (12) the only vector not integrated is k, we use d
with f ( q, k) the remaining terms terms in Eq. (12), and then we can write Eq. (12) as
where t T is given by
Performing analytically the q 0 integration in Eq. (14), we obtain [21, 61] 
where
In Eq. (13), there is information on √ s = P 0 , M inv (π 0 η) and cos θ with θ the angle between p π + and k, but in the integral over the phase space of |t| 2 , 1/2 d cos θ cos 2 θ = 1/3, and we can define a t eff such that
and then, summing the two diagrams of Fig. 2 ,
wherep η is the η momentum in the π 0 η center-of-mass frame, and
For the case of f 0 (980) production, we use the same Eq. (18) substituting π 0 η in T matrices by π + π − . We can see there that since t K 0K 0 ,π 0 η = −t K + K − ,π 0 η and t K 0K 0 ,π + π − = t K + K − ,π + π − in the strict isospin limit, the two terms in Eq. (18) add for the case of the a 0 production and subtract in the case of the f 0 production. In the strict isospin limit, the two terms cancel for the f 0 production, as it should be.
The integrand of Eq. (15) is regularized including the factor θ(q max − | q * |), where q * is the momentum of the K in the rest frame of a 0 (f 0 ) (see Eq. (22) of Ref. [21] ), with q max = 600 MeV as it is needed in the chiral unitary approach that reproduces the f 0 (980) and a 0 (980) (see Refs. [62, 70] ).
RESULTS
In Fig. 3 , we show the results of t T as a function of
) the value of 980 MeV. We can see that the amplitude has a shape similar to a Breit-Wigner with Re(t T ) and Im(t T ) interchanged (t T ∼ −it BW ). Yet the origin of this structure does not come from any particular interaction, but solely from the analytical structure of the loop function. We can see that |t T | has a peak around 1420 MeV and its origin is the triangle singularity developed by the amplitude. Indeed, according to Ref. [21] the diagrams of Fig. 2 develops a singularity where in the d 4 q integration the K 0K * 0 are placed on shell simultaneously, as well as the K 0K 0 , and the angle between theK * 0 and the π 0 coming from its decay is zero. Analytically this is given by Eq. (18) of Ref. [21] and q on = q a− . One can see that this occurs at about 1420 MeV (one must choose the mass of a 0 slightly above m K + mK to have the relationship fulfilled). However, the actual singularity (a sharp peak) becomes a broad bump, as seen in Fig. 3 , when we consider explicitly the width of theK * in the integral of t T , ωK * → ωK * − iΓK * /2 in Eq. (15) .
In Fig. 4 , we show the results of Eq. (17) (3) and (5) to determine C 2 . What we see in the figure is that we get two peaks, corresponding to the typical π 0 η mass distribution of the a 0 (980) and the π + π − mass distribution of the f 0 (980). The a 0 peaks around 995 MeV and the f 0 (980) around 985 MeV. We also observe a larger strength for π 0 a 0 production (isospin allowed mode) than for the π 0 f 0 production (isospin suppressed mode). However, the amount of the π 0 f 0 production is sizable. The strength of the two distributions at the respective peaks for
MeV is about 16% for π 0 f 0 versus π 0 a 0 , a sizable isospin violation. We also see that when we change M inv (π 0 a 0 ) (M inv (π 0 f 0 )) by 100 MeV up and down from this middle energy the strength of both distributions is sizably decreased. The maximum strength corresponds to M inv (π 0 a 0 ) (M inv (π 0 f 0 )) ∼ 1420 MeV where the peak of the singularity of the triangle diagram appears. We also observe that the relative weight of the peaks π 0 f 0 and π 0 a 0 is decreased by about a factor of two, indicating that the maximum of the isospin violation appears at the M inv (π 0 a 0 ) (M inv (π 0 f 0 )) where we have the peak of the triangle singularity. It should be noted that, although one could interpret this as a a 0 − f 0 mixing we have deliberately avoided this perspective and independently have calculated the rate for π 0 f 0 and π 0 a 0 production. The isospin violation (π 0 f 0 production) is possible because the t KK,π 0 η and t KK,π + π − amplitudes already contain isospin symmetry breaking terms as soon as the chiral unitary approach is implemented with different masses of the kaons. The second reason is the loop 
) as 1317, 1417, and 1517 MeV, respectively.
of the triangle diagram that also induces isospin violation from the different masses of the kaons and the K * . We have checked that the most important source for this isospin breaking comes from the triangle singularity.
We should also note that we have not explicitly used the f 0 (980) and a 0 (980) resonances in the approach. They are dynamically generated by the π 0 η, ππ, KK, ηη channels [8, 62, [67] [68] [69] [70] and they are implicitly contained in the t KK,π 0 η and t KK,π + π − amplitudes. Note that the apparent width of the f 0 (980) distribution is about 10 MeV much narrower than the f 0 natural width of about 30 − 50 MeV, because as discussed in Refs. [2, 17] , the width of the isospin violating distribution is of the order of the magnitude of the difference of the K + and K 0 masses. This was seen clearly in the experiment in the η(1405) → π 0 f 0 (980) [15] and one should not take this width as a measure of the f 0 (980) width, which should be looked at in isospin allowed processes.
As we have seen, the amount of isospin violating π 0 f 0 production is a function of M inv (π 0 f 0 ) and hence, as already discussed in Ref. [17] , the concept of a universal a 0 − f 0 mixing parameter is not an appropriate one. It is better to talk in terms of a 0 isospin allowed and f 0 isospin forbidden production, or vice versa, which depend on the particular experiment, and even for the same experiment on the particular part of the phase space chosen, as we have seen here.
In order to give a perspective of the amount of isospin violation as a function of M inv (π 0 a 0 ) (M inv (π 0 f 0 )), we apply the following criteria. The f 0 (980) production has a narrow range and we integrate its strength between M inv (π + π − ) ∈ [970 MeV, 1000 MeV]. The π 0 η mass distribution around the a 0 (980) has the typical cusp form [71, 72] and has a broad distribution. Yet it is customary experimentally not to associate the whole strength to the a 0 (980) but subtract a smooth background (note that the amplitudes of the chiral unitary approach are for KK → π 0 η and contain background and pole contributions simultaneously). In Ref. [70] a smooth background was constructed adjusting a phase space distribution to the sides of the π 0 η distribution, such that the apparent width of the a 0 is about 70 − 80 MeV, in the middle of 50 − 100 MeV of the PDG [40] . Then, the strength of the "a 0 " was about one third of the strength integrated from M inv (π 0 η) ∈ [700 MeV, 1200 MeV], (see Fig. 3 of Ref. [70] ). Then, in Fig. 5 we plot the strength of the integrated mass distributions of π 0 η and π + π − with this criterion. We can see in In Fig. 6 , we plot the ratio of dΓ/dM inv (π 0 f 0 ) and dΓ/dM inv (π 0 a 0 ). We see in Fig. 6 that the ratio of f 0 to a 0 production is strongly dependent on the π 0 R (R = f 0 , a 0 ) invariant mass. By going 100 MeV above and below the peak, the ratio decreases by about a factor of two and keeps decreasing as we go further away from the peak. As we can see, the TS has acted as a magnifier for the isospin violating π 0 f 0 production process, as we had anticipated.
Finally, we would like to give numbers for the integrated rates of π + π 0 f 0 and π + π 0 a 0 production by integrating dΓ/dM inv (π 0 R) in the range of invariant masses of Fig. 5 . We find the numbers
which are within present measurable range. Note that the numbers of Eq. (19) are not for the full f 0 and a 0 production. Indeed, in the PDG [40] we have Γ KK /Γ π 0 η = 0.183. Also the f 0 decays into π + π − and π 0 π 0 and Γ π + π − = 2Γ π 0 π 0 . Hence, to correct for that we must divide the "a 0 " production by 0.85 and multiply the f 0 production by 3/2. With this, the numbers of Eq. (19) become
The errors in Eqs. (19) and (20) come solely from the experimental errors in the evaluation of C via Eq. (3) summing the errors in quadrature, but they can easily be double of it accepting similar theoretical errors from different sources, as done in other examples [62, 70, 73] . There is another point worth making. In Fig. 3 , we see that both Re(t T ) and Im(t T ) have a peak. This is a bit different from other cases, where only one of these parts of t T have a peak, but not the two [45, 47, 51] . The present case resembles more the one of Ref. [52] , where one peak was associated to a threshold and the other one to a triangle singularity. In the present case, the peak of Re(t T ) appears because of theK * 0 K 0 threshold, while the one of Im(t T ) comes from the triangle singularity. Yet, by looking at Fig. 3 and the mass distribution of Fig. 5 , it is clear that around the peak of the distributions most of the strength comes from the triangle singularity.
CONCLUSIONS
The abnormal isospin violation observed in the η(1405) → π 0 f 0 (980) reaction [15] and its interpretation as the consequence of a triangle singularity in Refs. [16, 17] , prompted us to dig into the problem looking for a reaction where the energy to produce π 0 f 0 (980) could be changed at will. This would allow us to see if, indeed, the TS has a clear effect enhancing the isospin violation close to the the peak of the singularity. We found such a reaction in D s → π + π 0 a 0 (980)(f 0 (980)), where the freedom to change the energy of the π + allows one to change the invariant mass of the π + π 0 a 0 (980)(f 0 (980)) system and investigate the amount of isospin breaking as a function of this invariant mass. The reaction allows to get a range of π + π 0 a 0 (980)(f 0 (980)) invariant masses that passes through 1420 MeV, the energy where the triangle mechanism D + s →K * K, followed bȳ K * →Kπ 0 and the further merging of KK to produce the a 0 (980) or f 0 (980) has a triangle singularity. We could see that, indeed, the isospin violating process of D s → π + π 0 f 0 (980) was enhanced versus the isospin allowed D s → π + π 0 a 0 (980) as one passed thought the TS peak. This is due to the fact that the isospin violating reaction was made possible by the different masses of K + and K 0 , and these differences are stressed by the triangle singularity that places the intermediate particles (and here the two kaons) on shell, where the difference of the masses matters most.
It is curious that a weak reaction that violates isospin in the weak vertex is chosen to investigate isospin violation due to strong interactions. However, due to Cabibbo selectivity, color enhancement and the topology of the weak processes, these weak reactions offer very good filters of isospin in some cases [57] . This was the case in the reaction chosen. Indeed, the Cabibbo favored, color favored mode of D s decay is D + s → π + ss, and the ss system has I = 0. After hadronization withqq pairs, the emerging KK * state will be in I = 0. In our picture, in which the f 0 (980) and a 0 (980) resonances are dynamically generated by the interaction of pseudoscalar mesons, it is this interaction in the final state which is responsible for the isospin violation. Since we prove that the isospin mixing depends on the reaction and for a same reaction like the present one, depends on the region of the phase space chosen, we deliberately chose not to talk about f 0 (980) − a 0 (980) mixing, and the mixing parameter, because it is not a universal magnitude. It is better to talk in terms of independent f 0 (980) or a 0 (980) production and then investigate the amount of isospin violation. There is mixing of the two resonances but this in encoded in the KK, π 0 η and KK, π + π − amplitudes and the loop functions of the triangle mechanism, and thus is very much dependent on the reaction and regions of phase space. From our perspective the results obtained have an extra value. While the enhancement due to the triangle singularity could be reached in different ways, the strength obtained and its energy dependence is very much tied to the nature of the f 0 (980) and a 0 (980) resonances, which we have assumed as dynamically generated from the interaction of pseudoscalar mesons. The rates obtained are within present measurable range and we can only encourage experimental teams to carry out this reaction, which undoubtedly will bring further light into the issue of f 0 (980) − a 0 (980) mixing and the nature of the low mass scalar mesons.
